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Abstract—We derived inductance-dependent expressions for 
time-averaged voltage-flux and voltage-current dependencies of 
Low-Tc DC SQUID. Utilization of these expressions speeds up 
optimization of real devices and expands possibilities for their 
analytical study. Optimization of voltage response linearity of 
two SQUIDs connected in series is presented as an example of 
application of the proposed analytics. 
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I.  INTRODUCTION 

Progress of modern SQUID fabrication technology based 
on low-temperature superconductors allows precise control of 
its parameters. This expands the area of SQUID application but 
also tightens requirements to the circuit. For example, linearity 
of DC SQUID response becomes important in applications 
where SQUID should ideally act as a linear broadband 
magnetic flux-to-voltage transformer, like susceptometry or 
nuclear magnetic resonance measurements, electrically small 
antennas or frequency division based read-out of matrix of 
nanoscale devices such as photon detectors or NEMS. 

In this study we present analytical description of voltage 
response of DC SQUID with practical parameters. Since the 
mentioned applications imply the using of overdamped 
Josephson junctions, we neglect the junction’s capacity in our 
model. The noise effect is omitted for simplicity. Therefore our 
results are valid if the Josephson energy EJ is much higher than 
the energy Ef of thermal fluctuations, EJ / Ef  ≤ 10-3. The 
obtained expressions describing DC SQUID flux-to-voltage 
transformation can be directly used in various methods 
suggested for voltage response linearization. According 
example is presented in the last part of this paper. 

II. SQUID VOLTAGE 

A. Analytical Expressions for SQUID with Small Inductance 
In the frame of the resistively shunted junction model the 

system of equations describing DC SQUID has the form: 

 dϕ+ / dτ = ib – sin(ϕ+) cos(ϕ−), (1) 

 dϕ− / dτ = – (ϕ− – φe) / βl – sin(ϕ−) cos(ϕ+), (2) 

where ϕ± = (φ1 ± φ2) / 2, φ1,2 are the Josephson junctions 
phases, time τ = tωc (ωc = 2πIcRn / Φ0 is the characteristic 
frequency, Ic is the Josephson junction critical current, Rn is the 
shunt resistance and Φ0 = h / 2e is the flux quantum, h is the 
Planck constant and e is the electron charge), ib = Ib / 2Ic is the 
normalized bias current, βl = πLIc / Φ0 is the normalized 
SQUID inductance, and φe = πΦe / Φ0 is the normalized applied 
magnetic flux.  

The well-known description of DC SQUID voltage 
response [1] was elaborated for the circuit with zero 
inductance, βl = 0. The Josephson junctions phase difference ϕ− 
is equal to the applied magnetic flux φe in this case (see (2)). 
This allows one to find the phase sum ϕ+ and its time derivative 
from (1). Time averaged voltage, u0 = < dϕ+ / dτ >, here is 
given by expression: 

 u0 = [ib
2 – cos2(φe)]0.5. (3) 

With bringing inductance into consideration we introduce 
time dependence of the phase difference ϕ− . This dependence 
arises because of finite time required for the bias current 
redistribution between non-simultaneously switching 
Josephson junctions at non-zero applied magnetic flux. 
Redistributed part of the bias current circulating in the SQUID 
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loop, icir, is equal to ratio of oscillating part of the phase 
difference to the SQUID inductance, icir = ϕl / βl. 

If the SQUID inductance is small, βl << 1, then the 
oscillating part of the phase difference is assumed to be small 
too, ϕl << 1. The phase difference can be presented as a sum of 
constant and small oscillating terms, ϕ− = φe + ϕl , accordingly. 
This allows to transform (2) into equation for ϕl determination: 

 dϕl  / dτ = – ϕl  / βl  – [sin(φe) + ϕl  cos(φe)] cos(ϕ+). (4) 

One can use ϕ+ found previously (for βl = 0) to find ϕl from (4) 
assuming that the phase sum is not affected significantly by 
introduction of small inductance. Time averaging of according 
term in (1) gives correction to the voltage arising due to finite 
inductance: 

 ul = sin(φe) < ϕl  sin(ϕ+) >. (5) 

Explicit expression for the total voltage, u = u0 + ul, is then 
as follows: 

 u = u0 – [1 + (βl u0) -2] 
-1 (ib – u0) tan2(φe). (6) 

Peak-to-peak amplitude of the voltage response, upp = u[φe = π] 
– u[φe = 0], can be found from (6) directly: 

 upp = ib ( 1 – 0.5 [ ib
2 + βl

-2 ]-1
 ) – (ib2 – 1) 0.5. (7) 

Expressions (6), (7) describe inductance-dependent voltage-
flux and voltage-current characteristics which can be utilized, 
e.g., in optimization of nanoSQUIDs. 

Fig. 1a shows the voltage response u and its peak-to-peak 
amplitude upp dependence on inductance in the main panel and 
in the inset, correspondingly. The data are obtained making use 
of (6), (7) (lines) and by numerical calculations of (1), (2) 
(dots). It is seen that for the chosen inductance, βl = 0.5, the 

curves are well consistent for the bias current around the 
critical current.  

Analytical curves for the voltage response peak-to-peak 
amplitude deviate from the numerical ones starting from βl ≈ 1. 
This shows that linearization of (1), (2) performed under 
assumption ϕl  << 1 is not valid for higher inductance values. 

B. Expressions for SQUID with Moderate Inductance 
While analytical solution of the system (1), (2) with 

moderate values of inductance, βl = 1…3, can hardly be 
derived, one can use (6) as a fitting function, 

 u = u0 – a [1 + (βl
* u0) -2] 

-1 (ib – u0) tan2(φe), (8) 

for numerically calculated voltage response. Here we introduce 
a couple of fitting parameters, which are the amplitude, a, of 
the inductance-dependent part of the voltage, and the effective 
inductance, βl

*, which is substituted into (6) instead of the real 
one.  

Analytical expressions for the fitting parameters are rather 
complicated: 

 a = 2pq (2ib
2 – 1) /ξ   and   βl

* = (ξ / χ)0.5, (9) 

where 

 ξ = –0.586p + 2q + 4pq (ib2 – 1),  

 χ = 0.586 ib
2 p – q – 2pq (ib2 – 1),  

 p = βl
1.66 / (2.154 βl

1.48 + 2.285),  

 q = βl
1.92 / (4.28 βl

1.625 + 5.06).  

Details can be found in [2]. 

     
a) b) c) 

Fig. 1 DC SQUID flux-to-voltage transfer function (a), (b) and voltage response peak-to-peak amplitude (inset (a)) obtained by expressions (6), (7) (a) and (8) 
(b) (lines), and calculated numerically using (1), (2) (dots). Voltage responses of SQUIDs biased by magnetic flux ±Φ0/4 in differential scheme and their total 
response (c); inset shows differential connection of SQUIDs. 



Solution (8) can be utilized in the most cases of SQUID or 
SQUID array applications mentioned in the introduction. 
Validity of (8) is limited by the range of inductance βl where 
effective inductance βl

* (9) is real. This range increases with 
increase of the bias current, and for ib = 1 it is βl ϵ [0.2, 3.4]. 

Fig. 1b presents comparison of the data obtained by 
numerical calculations of (1), (2) (dots) and by using (8) 
(lines). One can see that the numerical data is fitted fairly well 
around the bias current equal to the critical current. 

III. LINEARIZATION OF SQUID VOLTAGE RESPONSE 

Let us begin our consideration of the SQUID voltage 
response linearity from the two limiting cases: (i) ib = 1 and (ii) 
ib >> 1, with βl = 0 for simplicity. Here the voltage response is 
described correspondingly by the functions (see (3)): 

 (i)  u0 = |sin(φe)|      and      (ii)  u0 ≈ B+ – B– cos(2φe), (10) 

where B± = (ib ± [ib
2 – 1] 0.5) / 2. 

The highest voltage response amplitude can be obtained in 
both cases with additional bias flux, φb = π/4 (Φb = Φ0/4). 
However, in the first case this bias flux does not provide 
linearity. The bias flux value should be shifted toward zero, 
φb → 0, to make the response more linear [3], which in turn 
limits input (and output) signal amplitude. 

While in the second case φb = π/4 is optimal for linearity, 
the peak-to-peak voltage response is initially small due to high 
bias current. Therefore in general, one has to tune both 
parameters ib and φb to find acceptable trade-off between 
linearity of the voltage response and its magnitude. 

This trade-off can be overcome by differential connection 
of two SQUIDs suggested in [4]. Schematic of such connection 
is presented in inset of Fig.1c. Total voltage response of the 
differential scheme corresponds to subtraction of voltage 
responses of the two SQUIDs forming the scheme, uΣ = u1 – u2. 
Application of equal in modulus but opposite in sign bias flux 
to each SQUID, φb1 = –φb2 = α, provides mutual shift of the 
SQUIDs responses leading to non-zero total response. 

The total response uΣ can be easily found in the first 
limiting case (i) considered above, ib1,2 = 1, βl1,2 = 0. Inside the 
flux range φe ϵ [–α, α] (where α ≤ π/2) the voltage responses of 
the SQUIDs are u1/2 = ±sin(φe ± α), and therefore the total 
voltage response is 

 uΣ = 2 cos(α) sin(φe). (11) 

Peak-to-peak amplitude of the total voltage response is 
uΣpp = 2 sin(2α). For α = π/4 this amplitude, uΣpp = 2, is just the 
same as for series connection of two SQUIDs. At the same 
time, the most linear place of the total response is now just in 
its center (at φe = 0), and so the whole working slope of the 
response is available for flux-to-voltage transformation. We 
conclude that 2/3 of this slope is linear assuming that 
sin(φe) ≈ φe for φe ϵ [–π/6, π/6]. This is in contrast to 

conventional series connection of SQUIDs (cases (i), (ii)) 
where linear part is just 1/3 of the slope. Generally in 
comparison with series connection, differential connection 
enlarges linear part of the working slope, increases the linear 
part magnitude in voltage but decreases flux-to-voltage transfer 
coefficient (see (11)). 

By using (8) we optimize the total voltage response of 
differential scheme in respect to total harmonic distortion 
(THD), varying ib1,2 and βl1,2 with fixed α = π/4 and applied 
harmonic signal amplitude, A = π/6, see Fig. 2. The found 
optimal values of parameters, ib1,2 = 1.04 and βl1,2 = 1.5, 
provide THD = 0.2 %. Corresponding shapes of the total 
voltage response and the SQUIDs responses are shown in 
Fig.1c. The obtained THD value can be further improved by 
decrease of the bias flux. Another option is utilization of bi-
SQUIDs [5] or parallel arrays of SQUIDs [6] with initially 
more linear response. They also can be used in differential 
scheme. 
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Fig. 2. Total harmonic distortion of harmonic signal applied to differential 
scheme of DC SQUIDs versus their bias current and inductance.  
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