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In the article the effect of twisting of Bessel radiation on two-photon ionization of single atoms localized on
the axis of the incident beam is studied. The matrix element of two-photon ionization of this type is obtained
for arbitrary polarization and multipolarity of the incident radiation. The differential and integral probability
of ionization of an atom over the photoemission angle is analyzed. Illustrative calculations are performed for
helium and neon atoms in the simplest case of a circularly polarized field in the electric dipole approximation
in the single-active-electron model.
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1. INTRODUCTION
Photoelectron emission studies—a powerful and

well-developed method for studying the nature and
internal structure of matter—have reached a qualita-
tively new level with the development of methods for
detecting vector correlations, such as angular distribu-
tions of reaction products, electron spin polarization,
or various types of dichroism [1]. The spectrum of
possible phenomena becomes even broader when it
comes to multiphoton processes, since the absorption
of the first photon creates a polarized target with a cer-
tain non-uniform distribution of electron density in
space, and subsequent photons act as a probe for the
primary absorption [2–4]. Until recently, the main
factor influencing the kinematics of multiphoton pro-
cesses was the polarization of radiation [5–10]. How-
ever, with the development of methods for generating
twisted radiation, new prospects have opened up [11–
15]. Twisted radiation has unique characteristics such
as a non-uniform radiation intensity profile, a non-
plane constant phase surface, a complex structure of
energy f lows inside the beam and one can expect that
these characteristics will manifest themselves in a spe-
cial way in the angular distributions of photoemission.
To date, the literature on studies of two-photon pro-
cesses involving twisted radiation is represented by a
limited number of works and mainly relates to a com-
bination of twisted light and a plane wave [16–18].

For the analysis, we selected photoionization by
Bessel light propagating along the z axis (quantization
axis) with the atom localized on the same axis. Such
geometry was considered, e.g., in [19–22]. In this

case, the Bessel state of radiation is characterized by a
linear projection of the momentum  and a projec-
tion of the total angular momentum  onto the
z axis. The absolute value of the transverse momen-
tum, , is fixed and, together with , deter-
mines the energy of the incident radiation:

, where c is the speed of light in vac-
uum. As shown in [22], such a Bessel state is described
by the vector potential

(1)

where

(2)

and  is the polarization vector with helicity .
The Bessel wave defined by Eqs. (1) and (2) in

momentum space can be represented as a coherent
superposition of plane waves whose wave vectors

 lie on the surface of a certain cone with an
opening angle  (see Fig. 1). The posi-
tion of the irradiated target in the xy plane can be spec-
ified by the vector .

2. RESULTS
In this paper, we obtain a general expression that

allows us to describe the angular distribution of photo-
electrons produced in two-photon ionization of an
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Fig. 1. (Color online) General scheme of ionization of an
atom by Bessel radiation.
atom by Bessel waves, when the atom is located on the
axis of the incident beam (see Eq. (A.9) in the Appen-
dix). By the general expression we mean that the elec-
tromagnetic interaction of arbitrary multipolarity and
polarization is considered. Here, for illustration, we
consider ionization by a circularly polarized field in
the dipole approximation and single active electron
approximation (details of the derivation, as well as the
notation used, are given in the Appendix):

(3)

where  is Legendre polynomial of the order ,
 is the radial integral of the corresponding matrix

element.
The two-photon ionization amplitudes were calcu-

lated using the method proposed in [23, 24]. This
method is also described in detail in [25], however, it
is worth noting that the summation in Eq. (5) of this
paper must be started with m = 0. The wavefunctions
were calculated in the RADIAL program [26] using
potential of -electron in  (for helium) and

 (for neon) configurations, obtained
within the MCHF software package [27].

Ionization of the  Shell of Helium Atom

According to Eq. (3), the photoelectron angular
distribution during ionization of the  shell of a
helium atom by two Bessel waves will have the form

(4)
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where  corresponds to  with ;  and
.

The cross section for the process in this case:

(5)

Note that in the case of double ionization of the s-shell
by a circularly polarized field, the only allowed chan-
nel is the  wave. The cross sections and photoelec-
tron angular distributions corresponding to Eqs. (4)
and (5) are shown in Fig. 2.

Ionization of the Neon Atom  Shell
According to Eq. (3), the photoelectron angular

distribution during ionization of the  shell of a neon
atom ( ) by two Bessel waves will have the form

(6)

where , , and  correspond to  with
= 0 and l = 1,  and l = 1, and  and l = 3,

respectively.
The process cross section in this case is given by the

expression

(7)

The cross sections and photoelectron angular dis-
tributions corresponding to Eqs. (6) and (7) are shown
in Fig. 3.

Discussion
The angular distributions shown in Figs. 2b and 3b

look similar. For the single-channel case of helium
ionization, the angular distribution is analytically pro-
portional to sin4θp, however, in neon an additional
dependence on the radiation energy appears (see
Eq. (6)), and, therefore, on the ratio of the , 
and  channel cross sections. But even for a many-
electron target such as neon, the wavefunction of an
electron emitted by two-photon ionization by a circu-
larly polarized field contains at least sin2θp, that is why
the angular distributions have a similar shape.

The discovered feature of two-photon ionization
by Bessel waves of atoms located on the axis of the
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Fig. 3. (Color online) (a) Cross section for two-photon ionization of neon for different opening angles of the Bessel beam cone
. (b) Photoelectron angular distributions corresponding to the incident beam energy  = 15 eV for different opening angles of

the Bessel beam cone .
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Fig. 2. (Color online) (a) Cross section for two-photon ionization of helium for different opening angles of the Bessel beam cone
. (b) Photoelectron angular distributions corresponding to the incident beam energy  = 15 eV for different opening angles of

the Bessel beam cone .
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incident beam is the same dependence of both the
angular distributions of photoelectrons and the ion-
ization cross sections, regardless of the type of irradi-
ated atoms (or ions), on the opening angle of the Bes-
sel beam cone , i.e., a part of Eq. (3),
summed analytically over , , and . It is notewor-
thy that no additional dependencies arise in this case,
as a result of which transitions that are “forbidden” in
the plane-wave case could become “allowed” (e.g.,
the  transition in helium). Although
such effects could be expected; in particular, it was
shown in [28] that the twistedness of the incident radi-
ation leads to the appearance of a component of the
photoelectron spin polarization which is forbidden in
the process of plane-wave ionization. Thus, the twist-
edness of the incident radiation in the case of two-
photon ionization leads only to a decrease of the pro-

θ8cos ( /2)c∼

γL γ'L γk

→ →1s np se
JETP LETTERS  Vol. 120  No. 12  2024
cess cross section, but not to an increase or the appear-
ance of new qualitative features. It is easy to under-
stand that with an increase in the number N of Bessel
waves absorbed by the target atom in the dipole
approximation, the dependence of the differential and
integral on photoemission angle ionization probabili-
ties on the parameter  will be given by the expression

. Note that although the illustrative cal-
culations were performed within the framework of sin-
gle active electron approximation and for a pulse of
infinite duration, the conclusions presented above are
of a general nature. Thus, due to the fact that the geo-
metric part associated with the Bessel field parameter
is analytically separated from the energy part, calcula-
tions can be performed in an arbitrary model (this
applies to the beam structure both in duration and
amplitude, as well as to the atomic model used) and all
the conclusions made will remain valid.

θc

θ4cos ( /2)N
c∼
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Analyzing the results presented in Figs. 2 and 3, it
becomes clear that for a fixed energy of the incident
beam (in the calculations, this energy is taken to be
equal to 15 eV for helium and neon), the process cross
section can decrease up to 16 times with a maximum
increase in the parameter . The probability of pho-
toemission at a given angle also decreases with
increasing , but the shape of the angular distribu-
tions is completely preserved.

3. CONCLUSIONS
The examination of the analytical expression for

the angular distribution of the photoelectron emission
probability from atoms located on the beam axis and
irradiated by Bessel radiation have shown that the
angular distributions of two-photon ionization pre-
serve their shape for any parameters of twisted radia-
tion. This statement, proven in the current article, and
valid for any multipolarity and polarization of the
radiation under consideration, was illustrated by cal-
culations for a circularly polarized field in the dipole
approximation. Moreover, the statement is easily gen-
eralized to three- and multiphoton transitions, since
both the integral probability of the process and the
angular dependence are modified by Bessel radiation
as . The proven statement demonstrates
the importance of using structured targets, i.e. with a
certain distribution of atoms, for observing the effects
of radiation twistedness in vector characteristics of
multiphoton processes, such as angular distributions.

APPENDIX

DERIVATION OF WORKING EXPRESSIONS

In the formulas below,  is the first kind Bessel
function of the order n,  is the Wigner D-func-
tion of rotation  on the Euler angle triad,  is the
small Wigner D-function, , and the stan-
dard notation is used for the Clebsch–Gordan coeffi-
cients and Wigner 6j-symbols.

Matrix element of single-photon ionization of an
atom by Bessel radiation proceeding according to the
scheme

(A.1)

is given by the expression, [29]:
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where ( ) denotes a state before (after) ionization;
 is energy of incident photon;  and  are total

momentum and its projection for the initial ( ) and
final (f) states;  is a set of quantum numbers
needed to completely describe a state;  is a projec-
tion of the total angular momentum of a Bessel beam;

 is direction of photoelectron emission
with orbital momentum l and total momentum ;

 is the operator of interaction of an atomic
electron with a magnetic (p = 0) or electric (p = 1)
photon of multipolarity L. Note that the reduced
matrix element  includes
dependence on the scattering phase (details can also
be found in [29]).

Matrix element of single-photon excitation of an
atom by Bessel radiation proceeding according to the
scheme

(A.3)

is given by the expression [30]:

(A.4)

Further, for brevity, we will use . In the
case of a single atom located on the axis of a Bessel
beam ( ) and after integration over azimuthal

angle  ( ) by sequential multipli-

cation of matrix elements (A.2) and (A.4), one can
obtain the matrix element of two-photon ionization of
an atom by Bessel radiation proceeding according to
the scheme shown in Fig. 4, in the form

(A.5)
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Fig. 4. (Color online) Two-photon ionization scheme.
,  and  are the total momentum and its

projection for the initial state, intermediate bound states
(excitations) and the residual ion, respectively.  are
total momentum and its projection for the system “resid-
ual ion + photoelectron.”

0 0J M ξ ξJ M f fJ M

t tJ M
Note that small Wigner d-functions in Eq. (A.5)
can be summed in such a way that the final expression
will contain only d-functions with zero projections:

(A.7)

The above allows us to rewrite Eq. (A.5) in the form
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incident beam can be found using basic quantum
mechanical principles: .
Using a matrix element in the form (A.8) and a
projection summation technique similar to that used
in [29], we obtain a general expression for the angular
distribution:

(A.9)

As an illustration, this paper considers ionization
of  shell of helium atom and  shell of neon atom in
neutral states ( ) in the electric dipole approxi-
mation ( ; ). In this case 
and  are integers, therefore, Eq. (A.9) is simplified
and takes the form

(A.10)
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Next, we will use the single-active-electron model,
representing the initial system as a set of the ion core
and the ionized (active) electron. To do this, in (A.11)
we will separate the moments according to the
scheme:

(A.12)

where  is an orbital angular momentum of the ion
core (residual ion); ,  and l are orbital momenta of
an ionized electron in the initial state of an atom, in an
excited state, and in a continuum, respectively.
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from [31], it is easy to show that the amplitude (A.11)
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After taking the sum on ,  and Jf we finally get:

(A.15)

If we consider the circularly polarized incident
field, then, taking into account the dipole approxima-
tion in (A.15), only  remain, i.e.:

(A.16)
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