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Abstract. In this paper a one-line queueing system with two priority
classes, relative priority, Poissonian input flow with random intensity and
infinite number of places in queue for waiting is considered. The current
intensity value is taken at the beginning of the time reckoned for the
arrival of the next requirement. Successive values of the flow intensity
form a Markov chain of a special kind. This input flow structure allows to
take in consideration not only mathematical expectation and variance,
but also correlation between interval of two next arrivals. The main result
is the limit distribution of the queue length for the least priority class, it is
obtained in an explicit form. Also, analytical expressions for the density
function, mathematical expectation and variance are given. Numerical
examples, which show difference among limit distributions (for different
parameters) for studied cases are provided.

Keywords: Poissonian flow - random intensity - relative priority -
queue length - heavy traffic

1 Introduction

The main goal of this paper is to study the behaviour of the queue length of the
lowest priority class in the queueing system with the autoregressive input flow
(will be fully described in Sect.2). The relevance of this research is determined
by the fact that the vast majority of real service systems in many applied areas
operate under conditions of either the heavy load or close to the heavy load. For
instance, the widespread distribution of communication networks has led to a
sharp increase in the volume of network traffic, and, therefore, an increase in the
load on these networks, most of which have become highly loaded. It also lead
us to the relevance of considering exactly this structure of the incoming flow. In
[2,3] the authors have shown that there is a stochastic dependence between an
inter-arrival time of two adjacent requests.
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The key purpose of this study is to find the limit distribution of the queue
length of the lowest priority class. In addition, the probability density function,
mathematical expectation and variance are given for the limit distribution. It
should be mentioned that there is a huge amount of papers and monographs
dedicated to studying queueing systems under the heavy traffic condition [4-16].

The paper has the following structure. In Sect. 2 the studied system is fully
described. In Sect. 3, the results from [1], which will be used during the research,
are given. Section 4 consists of two parts: in the first one some auxiliary expan-
sions in a series are obtained, in the second one the main theorem is proved. In
Sect. 5, some numerical examples are given.

2 System Definition

In this work sequence of queuing systems (the series scheme) is researched; m-th
queueing system has the following structure. The structure of arrivals is time
zm1 before the arrival of the first requirement and interval z,,, between (n —
1) - th and n-th requirement have an exponential distribution with random

parameter agf% n=1,2,.... Value a,(;} ) is selected just before the beginning of

interval z,,, such that, P(asrll) = Qmj) = Cmjs Qmi 75 amj7 i # J, emj >0, j =

v (n) (n—1) (n)
LN, Y cmj=land am’ =&n-am ~ +(1—=E&n) b Where b, m=1,2,.
=1

aﬁ,’f),n =1,2,... , and &,, are independent random variables. The distribution
of the random variables a'™ and b coincides with the distribution of a(l)
n=12,..., and &, has Bernoulli distribution with parameter p,,.

It is easy to show that

P(zmn < t) = Zcmjl—e amit)

N
P(Zmn < t1, Zmmik < t2) = (1 — p&) Zcm] (1—e @mitt Zcmk (1 —e *mit2)4
j=1

N
P D emi(l— e M) (1 — e mit2)
k=1

Y Cmj p]:n (]Ezmn)2
Ezmn = § T Dzyn = § 2 , Ccorr Zmn7 Zm n+k) 9 1- D
=1 Gmi Zmn
(1)

Further m will be used in indexes only where it is necessary to highlight depen-
dence on m.

There are two special cases: p = 0 and p = 1, in the first one the input
flow is hyper-exponential, in the second one: we obtain a system such that the
initial intensity is randomly selected from the set {a1, ..., anx} with probabilities
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c1,...,cn respectively, and afterward acts as a system with a Poissonian input
flow with the chosen intensity (this case is not considered in this work).

From (1), it follows that if 4 > 0 and o > pu, there exists second-order
flow (N = 2) such that it belongs to the class of flows considered in this work,
and its expectation and variance of intervals between arrivals are equal to u

and o2, respectively. The correlation coefficient is equal to £ (1 — (%)2) While

mathematical model of real system is being constructed, it is possible to adjust
the first two moments of the real arrival process and their dependence.

All arriving requirements are divided into 2 classes with probabilities
p1,p2 (p1 +p2 = 1), respectively, and it does not depend on other requirements.
We firstly assume that each type of requirement forms its own queue. Secondly,
if a service is started, it is never interrupted. The studied system operates under
the relative priority discipline.

We assume that the system is free of requirements for ¢ = 0 and serving
lengths are independent random variables equally distributed for requirements
of each particular type. The distribution function is B,,;(z) and the density
is byi(z) for ith class and mth system , i = 1,2; Bn;(s) — Laplace-Stieltjes
transform of function by,;(x),i = 1,2; Bp; — jth moment of random variable
with By,;(z) distribution function.

L(t) = (L1(t), L2(t)) — amount of requirements in a system in time t.

N Z
It is known that if (Z cjaj1> - (p1B11 + p2021) < 1 the non-degenerate
i=1
limit distribution of stochastic process L(t) exists. In this work, Lo (¢) is studied
N —1
in case while t — oo and (2:1 cmja,fn; “(Pm1Bmi1 + Pm2fme21) — 1,m — oo.
=
We will study the system under the next assumptions:

I) the first and the second moment of service time distribution exist (for each
priority class) and
_ Biz o o
Bi(s) =1~ Pus+ -8 +om(s%),i=1,2,
where 0,,(s%)/s?> — 0 while s — 0 uniformly on variable m
II) for each m € {1, 2, . }I anL(plﬂmll +p2ﬂ7n21) <1
III) following limits exist lime¢; = ¢}, lima; = af, limf; = Bi;, limp; =
p;, 1=1,N, j =12, where lim denote lim .

m— 00

The main goal of this study is to find

lim P (p“’ - Loy <t> < x)
m—o0 pa
where

N -1
Ci 0.5a, a < 2,
p=1—a(pifi1 + p2Pe1), a= (E j) Y= {
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3 Preliminaries

In [1] expressions which Laplace-Stieltjes transform of generating function of
queue length is satisfied has been found. They will be used to find the limit
distribution. Let us write them.

Lemma 1. FEquation

N
AmCm
(1—p —1
ZZM )+ am (1 — p2) ’

m=1
has N continious in domain |z| < 1 solutions u = pr(z), k=1,..., N, that:

1) only one function ui(z) is equal to 0 while z = 1;
2) R(p(z)) <0 forallj=1,...,N and |z| < 1;
3) =) # py (=) while i # j.
Denote ax(z) = IT [u(2) — p5(2)].
i#k
Lemma 2. For each k=1,..., N system of equations

z1 = Pi(s — pe(pr121 + p222)),

= Ba(s — pr(pr21 + p222)),

has a unique solution z = zi(s), such, that |z(s)] < 1 while k =
, N, s >0, and 2z;1(0) = 1, |z;1(s)| < 1 while Ns >0, i =1,2.

Lemma 3. Laplace-Stieltjes transform of joint genmerating function of queue
length for the first and the second classes is

p(21, 22,5) = po(s)+

N
p121 +paze — 1 Z 1

X X
(L =p)(p121 +p222)  {= pk(pr121 + p222)(s — pr(p121 + p222))

x [v%’“(zl, 20,8)[1 = Bu(s — p(prz1 + paza))]+

(k)

+79y (21,22, 8)[1 — Ba(s — pr(pr21 + p222))]|,
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where functions 7( )(zl,ZQ,s), 1=1,2, k=1,N satisfy:

— B1(s — pr(pr21 +P222))+
21

’Y;k) (Zla 22 5)

+ ’}ék) (Zh 22,8

)22 — Ba(s — pr(prz1 + pazo))
Z2

1<1 242
- | I m(1 X
( 171 . 2) [ﬂk(plzl P222) a ( p(plzl p2z2))}

m=1

N
Z cja;fi (21, 22, 5) :
= k(121 4+ p2z2) +aj(1 — p(p1z1 + p2z2))’

fi(21,22,8) = 1= (s + a;(1 — p(p121 + pa22))c; 'poj(s)+

N
+ (pr121 + p222)(1 = p) D anpor(s), j =1,
k=1

N
(1 = p)pr21 +p2zz) H[Hk(plzl +p2z2) + a;(1 — p(p121 + p222))] X

'ng) (21,22,8) =
ay(p1z1 + p2z2)

j=1
N

% Z aeple(zly 22, 0, S)

e=1

1- z1 + p2z
(1= p)(p1z1 + Pazz) H[Hk p121 + p222) +a;(1 — p(p121 + p222))]X
ar(p121 + p222)

’Yék) (21,22,8) =
j=1

N
AeP2e (227 07 5)

=

pr(p121 + p2z2) + ae(l — p(p121 + p222))’

X .
; pk(P121 + p222) + ae(l — p(p1z1 + p222))

functions poj(s) might be found from:

N
1 (p1zll +p2zlg) 1
poj(s) = — - . X
J aj lz:; plzll +pQ'ZlQ)( — K (S)) H.(aj - an)
n#j
wi(s) -
X " " + aj X
1- p(plzll +p22l2)
. —1
Tl i ) e\,
I#n p(p12f +p2212) 1 —p(p1z},y + p2z;,)
II_VI By (s) +a;(1 — p(przg; + p225,)) (1] (8) + ak(1 — p(p12]) + p22},))
Paiet (1 = p(p125; + p2255)) (1 — p(p12]) + p22]y)) 7

where iy (s) = i (p1 25y + p22y)
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4 Main Result

To prove the main theorem, some auxiliary expansions in a series are needed,
which would be formulated as separate lemmas.

4.1 Auxiliary Expansions in a Series

Lemma 4. The next asymptotics for z(sp®) are true:
sp* a
2t o(pt), a<2,
a*v
Z(Spa)fli p'l—\/1+48’l)+0(p)7a:2’
oo W
+o(p*™h), a>2,

sp
a

N
1 .
. a(p1Bi2 + p2fa2) n o2 Z % 1),
2 a(l —p) — aj

2(8) = p121(8) + p222(8) is the solution of equation
p121 + p2za = p1Bi(s — p1(p121 + p222)) + pafa(s — p(pr21 + p222)).

Proof. Using assumption I and Lemma 2 it is possible to write

where

2(59) = 1= (s~ i ((5p™) B + (59 = pa (56" )P 2 4 ol(5p™ = s (=(50°)))?), (3)

where §; = p151; + p2fB2i, i = 1,2.
Also, we may write next expansion for function pq(p121 + p222):
M”(l
)~ 17 ol(es0) - 1), (@)

Substitute (3) in (4), after easy manipulations quadratic equation for z(sp®) — 1
is obtained:

g (2(sp™)) = py (1) (2(sp®) — 1) +

av- (2(sp™) =1)* = p- (2(sp™) — 1) = 1 - 5p™ + o(max((2(sp™) — 1)%, p- (2(sp¥) — 1),p%)) = 0,

its solutions:

)— 1= pE A/ p?+4spru

500 +o(z(sp™) — 1).

z(sp®™
from here asymptotics in the lemma statement are obtained.

Corollary 1. Asymptotic expansion for uj(sp®) is:

sp* o
- %+O(p5)a Oé<2,

P AT (p), ;
—sp* +o(p* ), a>2.
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This expansion is obtained directly from Lemma 4 and (4)

Lemma 5. The next asymptotics for po;(sp™) are true :

pOJ(SPQ) =

where

n#j an — aj k=2 IU’Z(:(O)
Proof. Since, only p1(1) = 0 then from (2):

(0%

papoj(spa) p « H - H :uk +a] p(pa Z;(O)))

— 0
sp* = pi(sp®) 1 (0)
Therefore and from corollary 1, lemma statement is obtained.
Lemma 6. The next asymptotics for pi(p1z5 —l—pge_“”w) are true:

apaup”

——= L p® +0o(p?), where
ap1fin — 1 (v

p(pr27 + pae” ") =

apifin apau? 1y (1) p3u? p1B12a3p3u? N
o= ap1B11 —21 2(1 — ap1 1) 2 (1—ap1fi1)®  2(1—ap1B11)3’
apau py (1) piu? p1B12a°p3u?
2(1 — ap1B11) 2 (I—ap1f11)®  2(1—ap1B11)3

, a> 2.

Proof. Since p1zf + poe™ """ :Wplﬂl(spa — 1 (p1zf + poe™ ")) + poe P
Denote: 7 = p12] + p2e™"? . Using the assumption II we have

P12

% (oo — ) ) +

T=Dp1 (1 = B (sp™ — pa (7)) +

2 2
P2

u
ton (1w + ) ol )
Using the asymptotics for p;(7) and separate the principal part with degree p”

we have
paup”

ap1fi1 — 1
Substitute (6) in (5), ¢ might be found.

T—1= + ™ + o(p*7). (6)
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Lemma 7. The next asymptotics are true:

N
CiQj
f, z*’e—up“/7spa . g i _
g e it + poe ) + a3 = p(pist + pae)

apau v
+— +0o(1), a <2,
aplﬁu—l\/» W
apsu 1+ +/1 +4sv

= X491+ , =2,
l—p aplﬁll _all 2s ()
ap2u/) 2—q
1+ ———-+4o0 , o> 2.
ap11 —1s (™)

Proof. Using the definition of f;(z1,z22,s), 7 = 1, N, the investigated expression
might be rewritten in the next form:

p1(pr2y + pee= ") + aj(]. —p(p12} + p2e=ur"))
. 1
(1 = p)(p127 + p2e=r")

N

o Y C;Q4
Yo fi e spf) — 1% — =
j=1

— (8p™ = pa(p12] + p2e” 7)) x

a;Po; (5) 2
X +o .
Z Ml plzl +p26 up'Y) +a (1 _ (plzik +p267up"f)) (p )
N
After using Lemma 5 and the fact that ) k; = 1, the lemma statement is
i=1

obtained.

Lemma 8. The next asymptotics are true:

e — Ba(sp® — pi(p12} + pae 7)) =

Ba1p®7 [ a’p3v 2] 2

——— x| —s+ ——=—=u| +0(p?), a <2,
ap15121 -1 | (ap1 P11 - 21)2 (o)

) a“p3f21v 2} 2
— X |u— s+ —2uP | 4 o(p?), a=2,
ap15121 -1 | 2 - (ap1fB11 — 1)? ")

14 a’p5321v 2:| 2
— X U+ ————u"| +o , > 2.
apifin—1 | (ap1fB —1)? ()

Proof. These expressions might be obtained directly from Lemma 6 and the
following expansion

e~ — Bo(sp™ — pa(przy + pae ")) =

u?p* apaup” Boo [ apoup” 1°
ERUNPSE NN Y I 1 AL D
P 2L ap1 11 — 1 Ve 2 lapifin —1 (p™)
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4.2 Main Theorem

Theorem 1. While m — oo the next limit exists

t
lim P <p7 - Loy (a> < :c) =
m— 00 p

v*
27 WE

'y2
— - / e 2dy, a<2,

“+ o0 “+ o0

= e wr 2 1 2
1— Wy — — v =2
—V aew twry/ Gy Voaes tway/ Y

1—e ™ a>2,
where
_ 1= a"pifiy
C arpiur

Proof. Instead of finding lim P<p7~L2 (%) < x), we will find lim p® -

m— o0 P p—0
p(1, e‘“pw,spa) and then inverse the Laplace transform to obtain the original
limit distribution.
Using the expression from Lemma 3, the investigated limit might be rewritten
in the next form:

! X
p1(p1 + p2e™ P )(sp™ — pa(p1 + p2e~vr7))
1—e-ur”

(1 —ple~ue?

lim {p“ ~po(sp®) + p* - pa(e™ P — 1) -

p—0

8 {75”(17@*“0”,3,)0‘) Ba(sp™ — pa(p1 + pae P )+

N
Hl[ﬂl(m +p2e= ") + am(1 — p(p1 + p2e="))]
me

+ X
ai(p1 + paeur7)
N —
x> cjaj fi(1,e=""", sp) ]}
= mpr+p2em ") +a;(1 = p(p1 + pae” 7))

Considering the fact, that lin%) p°po(sp®) — 0 from lemma 5, p1(py+pre ") =
p—
apaup” + o(p”). From Lemma 1 it is possible to find

N 1 N
(1) = WIL;[Q(_’LLm(l)) = al—p) ml_:[1(am(1 - D)),
then
N Y Y N
[T [#1(p1 +p2e™ ") +am(1 —p(p1 +p2e= " )] TI (am(l —p))
lim ™=t =m=l =a(l —p).

p—0 ai(p1 + p2e=vr7) ai(1)



28 A. Bergovin and V. Ushakov

So that, the task is equal to finding the next limit:

(0%

P

lim (1) 1,e ™ [ sp®)+
ww{a%ﬂl—m0n+pw‘wﬂwz( o)
N . N e
= (am (= p)) p277 Z cia;fi(1,e " sp®) }
[T —o(—#m(1)) @®Pat = pa(p1 + p2e™") + a;(1 = p(p1 + p2e™*"))

Similary to the proof of the Lemma 7, we have

a—y IV

Ih ., —up’Y’ (e €4 =0 Va>0.
»0 a2pru J; hiLe i )#1(171 +p2e” ") +a;(1 = p(p1 + p2e~ 7)) ¢
Therefore,
. ¥ . Pa'Yél)(la e_uP’YvSpa)
lim p*p(1,e”"" ,5p®) = lim — — =
p—0 r—0a pz(l - )(p1 + paemu7)
: HN 1 — v
=1 m= up? 0 p®) =
0 a1(1 a2p2 ;p Pac( ")
1
—mh—zpmz 0,59 = lim ol (2, e ),

p—0 aps p—0 P2a2(1 - )

From the definition of 'yél)(zl, 29, 8), we have

1, o«
p—0 p2a?(1l —p)

— lim (121 + e )e™"" - p* x
b pa e+ pae ) = B — e + e

H pi(prz; + pae™"") + am(1 = p(p127 + p2e” )] x

g: cja; fi(z5, e sp®)

= mprzy +p2em) +a;(1 = p(pr2] + p2e™7))

— lim (1—p)p* "
P P2a[€ up? — Ba(sp® — p1(pr2] + paeuP7))]

X Z Cjajfj(zﬂe_upw,spa) )
* pa(prz] + p2e") + a;(1 — p(pr27 + p2e™*"))
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Using Lemmas 7 and 8, we have
* % * -1
a*piu v
s |14+ ————1/— , a < 2,
[ ( L=apifiy Vs ﬂ
* ok * -1
lim p®p(1,e” """ 5p®) = { ' (1 SRt = )] =2
=0 S\ T e, Tr Vit ase P
()] e
S ——u , .
1 —a*pifiy
After inversing the Laplace transform, the theorem statement is obtained.
Corollary 2. Probability density function of the limit distribution is:
Ew -ex {71)*11)23:2 } a<?2
V mt P 4t ’ ’
—wT +oo
we 792d v*
N / e Y+ w Tt X
—4/ #-&-wmw %
2 2
X (emp{wx <7 M%erx‘/%) }Jremp{( 45* +wx‘/%) }) L a=2,
w - exp{—wz}, a> 2.
Corollary 3. Mathematical expectation of the limit distribution is equal to
t 2
— —, if a<2,
vT W
and
1
—, if a>2.
w
Corollary 4. Variance of the limit distribution is equal to
2 —4)t
(i L
Tv*w?
and
w
Remark 1. Mathematical expectation and variance in case a = 2 should be

calculated using numerical methods.

5 Numerical Examples

For visualisation results of this paper let us consider the system with parameters:
n = 2, ay = 1, as = 2, Cc1 = 0.35, Cy = 0.65, ﬁll = 0.5749, ﬁQl = 0775, ﬁlg =

1,822 = 1,p = 0.5,p; = 0.5, p2 = 0.5. The plots below show the density functions

for all different cases for o and for different parameter .

Also let us show, how mathematical expectation is changing, while param-

eters ps or p are being changed, the main parameters of the system are
n = 2,a1 = l,as,¢1 = 0.2,co = 0.8, the other parameters has been chosen

such way that p is close to 0 (Figs. 1, 2, 3 and Tables 1, 2).
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Table 1. Mathematical expectation while the probability of going to the lowest class
is being changed

p2 |t=0.1 t=1 t=10
a<2la=2|a>2 a<2|/a=2|a>2|a<2|la=2|a>2
0.05]0.595 | 0.522 | 1.802 | 1.882 | 1.242 | 1.802 | 5.952 |1.785 | 1.802
0.25/0.605 {0.53 |1.83 |1.912 1.261 |1.83 |6.046 |1.813 |1.83
0.5 |0.617 |0.541 |1.867 |1.95 |1.286 | 1.867 | 6.167 ' 1.849 |1.867
0.7510.629 | 0.552 |1.905 |1.99 |1.313 ' 1.905 | 6.292 | 1.887 |1.905
0.95/0.64 |0.561 |1.936 |2.023 |1.334 1 1.936 | 6.397 1.918 |1.936

Table 2. Mathematical expectation while the probability of repeating intensity is being
changed:

P t=0.1 t=1 t=10

a<2la=2a>2|a<2|la=2|a>2|a<2|a=2|a>2
0.05]0.561 | 0.483 |1.493 | 1.106 | 1.493 | 1.493 |1.488 |1.493 | 1.493
0.25]0.566 | 0.489 |1.524 |1.122 | 1.524 | 1.524 | 1.518 |1.524 | 1.524
0.5 |0.58 |0.502 |1.598 | 1.161 | 1.598 | 1.598 |1.59 |1.598 |1.598
0.75]0.619 | 0.541 | 1.818 | 1.275 | 1.818 | 1.818 |1.804 |1.818 | 1.818
0.95]0.868 | 0.789 | 3.581 |2.023 | 3.581 | 3.581 | 3.425 | 3.581 | 3.581
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Conclusion

The main result of this paper is an explicit form of the limit distribution of the
queue length for the least priority class, which has been obtained. For each cases
(@ <2, a=2and o > 2) expressions for the density function are obtained. For
cases (@ < 2 and a > 2) mathematical expectation and variance are given in
explicit form, in case a = 2 these characteristics might be calculated numerically.
Numerical examples show us necessity to consider parameter t, since relation
among considered cases is changing while ¢ is being changed. Provided theoretical
results of this article can be used to analyse real queueing systems in which there
is a correlation of the intervals between customer arrivals.
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