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RSsum6.- I1 e s t  d6montr6 que les  conditions aux l imites pour l e s  Sguations dlUsadel dans l e  cas 
d'une l imi te  plane consistent  en l a  continuit6 de F e t  ND ($ - iZeA/H)F. Ces conditions sont u t i l i -  
s6es pour l 'obtention des conditions aux l imites effect ives 2 l ' i n t e r f ace  S-N pour l e s  Squations de 
Guinzbourg-Landau, auss i  bien que pour l 'obtention de l a  r e l a t i on  courant-phase d'une jonction Jose- 
phson S-N-S, ayant un f a ib l e  l i b r e  parcours moyen. 

Abstract.- Boundary conditions f o r  the Usade equatsons a t  a plane wall conducting interface are  it found to  cons is t  i n  continuity of F and ND ( - iZeA/$)F. These conditions are used t o  f ind the ef- 
fec t ive  boundary conditions fo r  the Ginzburg-Landau equations a t  the S-N interface,  as well as the cur- 
rent-phase relat ionship fo r  S-N-S sandwiches with a short  electron mean f r ee  path. 

INTRODUCTION.- The Usadel equations/ l /  give one 

a convenient tool  f o r  calculat ing the dc properties 

of superconducting s t ruc tures  i n  the d i r t y  l i m i t .  

However, it was s t i l l  unclear which boundary con- 

d i t ions  a r e  to be used fo r  these equations i n  the 

analysis  of the propert ies of S-N and S-N-S struc- 

tures.  

In t h i s  paper the proper boundary conditions 

as well as  the r e su l t s  of t he i r  applicat ion t o  two 

basic problems are  reported. 

BOUNDARY CONDITIONS.- S tar t ing  from the Eilenberger 

equations/2/ one can show tha t  within the d i r t y  

l i m i t  these are the Usadel functions F(r,w) which 

a r e  t o  be continuous a t  the plane(*) in ter face  bet- 

ween two metals i n  the case of small e lec t ron  re- 

f l ec t i on  from the boundary. Taking i n t o  account the 

conservation of current ,  we f ind tha t  the product 
-t 

ND(9 - iZeG/Hc)F must a l so  be continuous. Here N 

is the Fermi surface density of s t a t e s ,  i s  the 

vector potent ia l ,  D = v R/3 i s  the diffusion coef- F 
f i c i e n t ,  and R i s  the electron mean f r ee  path which 

i s  assumed to  be much l e s s  than the charac ter i s t ic  

coherence length 5 = (HD12rkT) *'. 
The Usadel equations, together with the boun- 

dary conditions given above, are va l id  a t  a rb i t ra -  

ry temperatures. However, i n  t h i s  work we r e s t r i c t  

ourselves to t h e i r  applicat ion t o  the s i tua t ions  

where the normal metal with a zero c r i t i c a l  tempe- 

ra ture  contacts the superconductor with T % T. The 

Ginzburg-Landau (GL) equations can be used i n  t h i s  

case only a t  distances much la rger  than 5 from the 

interface,  and a more general theory i s  t o  be used 

to  obtain the ef fec t ive  boundary conditions fo r  the 
-t 

GL order parameter A(r) 131. Using the Usadel equa- 

t ions we can get  these conditions i n  a much eas ier  

way than with the help of more complex in tegra l  

equations discussed by Zaitsev/4/. 

S-N INTERFACE.- I f  the thickness d of the normal 

layer i s  large (d>>S ), the supercurrent through 
N 

the boundary is absent, A can be taken to  be rea l ,  

and the ef fec t ive  boundary condition f o r  the GL 

equations has the form/3/ 

%A/A = b-' (1 

The parameter b appears to be dependent on the fol-  

lowing r e l a t i on  

Y = N ~ D ~ " / N ~ D ~ * ~  = (uN/cN) / (oS/cS) (2) 

A t  y<<l the r e su l t  obtained by Zaitsev/4/ 
m 

Es/by = c(T)/bI' = n ~ o ( ~ n + l ~ h / n ~ o ( 2 n + l ) - '  p 1.369 
(3) 

holds, where c(T) = ~ Y D ~ / B L ( T ~ - T ~  * i s  the cohe- 

rence length of the superconductor, and the para- 

meter 

r = y(S(T>/SS> = ( ~ / ~ ) ~ ~ / C T ~ - T ~  ** (4) 

can be of the order of unity. 

However, i f  y i s  about or  more than unity, 

the r e su l t  (3) i s  wrong. A t  y>>l we get  the other 

simple expression 

S(T)/bll = n ~ o ( 2 n + l ~ 2 /  n=O P (2n+l)-& 2 1.117 (5) 

(*)The products NF and D(# - i 2 e b i c ) ~  are  t o  
be continuous a t  the in ter face  with the d i f fuse  
electron sca t te r ing .  

but  f o r  y % 1 the Usadel equations are t o  be solved 

numerically. Figure I shows the r e su l t  of the cal- 

culation. 
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Fig. 1 : Dependence of the e f f e c t i v e  length b ( see  
i n s e r t ) ,  determining the e f f e c t i v e  boundary condi- 
t i o n  ( 1 )  f o r  the  Ginzburg-Landau equat ion,  on the  
parameter y (2) f o r  t h e  plane S-N in te r face .  

S-N-S SANDWICH.- Analysing the  Josephson e f f e c t  i n  

d i r t y  (R<<EN,d) sandwiches, the most i n t e r e s t i n g  

s i t u a t i o n  is  encountered when 5 and EN a r e  com- 

parable, but  the conduct ivi ty  (SN of the i n t e r l a y e r  

mater ial  i s  much l e s s  than t h a t  of the  e lec t rodes  

(os).  For t h i s  case,  t h e  parameter y can be assu- 

med t o  be small ,  and ins tead  of equat ion (3) we ge t  

f o r  the parameters p = r - 'S (T)%R~A/R~A and 
-H 

q = T - ' < ( T ) ~ v I ~ A / I ~ A  a t  the in te r faces  (X = + d/2):  

-+ 
The gauge is chosen t o  t h a t  A = 0 and I d ( x = O )  = 0. 

The r e s u l t s  of s o l u t i o n  of the GL equations depend 

on two dimentionless parameters : r and d/cly. 

For r < < m i n E , d / ~ J ,  the values of I A ~  a t  the 

in te r faces  a r e  c lose  t o  i t s  equi l ibr ium value A . 
Thus, the  r e l a t i o n s h i p  between t h e  supercurrent  I 

and the phase d i f fe rence  41 of the order  parameter 

a t  the i n t e r f a c e s  i s  j u s t  the same a s  i n  the S-N-S 

var iab le  thickness  br idges (VTB) /5/ : 

where I. = nA:/4ek~$ 'L (Tc-T) i s  the maximum pos- 

s i b l e  value of the c r i t i c a l  current  i n  the  Joseph- 

son s t r u c t u r e  with the  normal r e s i s t a n c e  =N. 
A t  l a rge  values of r (r>>maxp , c N / q )  t h e  or- 

der  parameter a t  the boundaries of the i n t e r l a y e r  

is  reduced because of the proximity e f f e c t .  I f  the 

thickness d is much l a r g e r  than EN, t h i s  suppression 

of I A ~  is independent of $ and the  Is($) re la t ion-  

sh ip  i s  s inusoidal .  On the contrary,  a t  d/EN < 1 - 
the  superconductors "feel"  the phase of each o ther  

through the i n t e r l a y e r ,  so the suppression is  

s t ronges t  a t  $"T and weakest a t  $ "0. Since Is is  

proport ional  t o  I A ~ ' ,  t he  dependence I (4) deviates  S 

from the s inuso ida l  form and has a maximum a t  $<.rr/2 

d 
Is/IO = - 9-P s in$ 

25J2 p2cos2 ($;2)+q2sin2 ($12) 

Ic 'L (TC-T) ' (8) 

I f  the i n t e r l a y e r  is t h i n  (d/<N<<I',I'-l), the 

supercurrent  through the sandwich can be s t rong  

enough t o  cause the  depair ing e f f e c t  i n  the elec- 

trodes. The corresponding c r i t i c a l  cur ren t  

is a l s o  achieved when $<n/2. 

Figure 2 shows the t r a n s i t i o n  from the VTB 

l i m i t  (7) t o  the depair ing l i m i t  (9) with decreasing 

sandwich thickness a t  the  f ixed  value of F. These 

l . - ' '  

S-N-S r=o  I 

Pig.  2 : Current-phase re la t ionsh ips  f o r  the d i r t y  
(R<<d,<) S-N-S sandwiches a t  T % Tc f o r  f ixed  mate- 
r i a l s  of e lec t rodes  and i n t e r l a y e r  (T=(aN5(T)/ 
(Ss<~)=0.3) and various values of the i n t e r l a y e r  
thickness d, SN = ( M D ~ / ~ T ~ T ) ' ~ ,  IC = n A ; / 4 e k ~ ~ ~ .  

p l o t s ,  as  well  a s  t h e  asymptotic expressions (7)- 

( g ) ,  demonstrate t h a t  f o r  the given mate r ia l s  of the 

e lec t rodes  and i n t e r l a y e r  the  product IcRN has a 

maximum poss ib le  value a t  the intermediate  thickness 

of the  sandwich, c lose  t o  the  decay length 5 of N 
t h e  normal mate r ia l  of the i n t e r l a y e r .  
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